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Abstract 



Thick branes obtained from a bulk action containing Gauss-Bonnet self- 
interactions are analyzed in light of the localization properties of the various 



^ : modes of the geometry. The entangled system describing the locahzation of 

pg I the tensor, vector and scalar fluctuation is decoupled in terms of variables 

^^ ' invariant for infinitesimal coordinate transformations. The dynamics of the 



various zero modes is discussed and solved in general terms. Provided the four- 
dimensional Planck mass is finite and provided the geometry is everywhere 
regular, it is shown that the vector and scalar zero modes are not localized. 
The tensor zero mode is localized leading to four-dimensional gravity. The 



X 

;h ' general formalism is illustrated through specific analytical examples. 
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I. INTRODUCTION 

If space-time has more than four dimensions, the Einstein-Hilbert term is not the only 
geometrical action leading to equations of motion involving (at most) second order deriva- 
tives of the metric |l[|. In dimensions larger than four, the usual Einstein-Hilbert action can 
indeed be supplemented with higher order curvature corrections without generating, in the 
equations of motion, terms containing more than two derivatives of the metric with respect 
to the space-time coordinates . If this is the case, the quadratic part of the action can be 
written in terms of the Euler-Gauss-Bonnet combination: 

^EGB = -^ Rabcd — 4-R Rab + R ■ (1-1) 

In four dimensions the EGB is a topological term and it coincides with the Euler invariant: 
its contribution to the equations of motion can be rearranged in a four- divergence which 
does not contribute to the classical equations of motion. In more than four dimensions the 
EGB combination leads to a ghost-free theory and it appears in different higher dimensional 
contexts. In string theory the EGB indeed appears in the first string tension correction 
to the (tree-level) effective action @-0. In supergravity the EGB is required in order to 
supersymmetrize the Lorentz-Chern-Simons term. 

Higher dimensional gravity theories have been investigated in connection with possible 



alternatives to Kaluza-Klein compactification ||8||roHl3| . For a more complete account of the 



various perspectives of the problem see the recent review [|14| . 



In this context the gravity part of the action is usually taken to be the Einstein-Hilbert 
term. Recently, various investigations took into account the possible contribution of higher 



derivatives terms in the action and mainly in the five-dimensional case pSHTg]. Various 



physical frameworks can be invoked in order to include higher order curvature corrections. 



whose motivation may range from back-reaction effects [|T9| to some interesting connections 
with string models [1^. For the role of quadratic counter-terms in the context of the 
AdS/CFT correspondence see for instance p2|. Quadratic corrections may also play a 



role in dimensions larger than five. In |2^ seven-dimensional warped solutions have been 



discussed in the case when hedgehogs configurations are present together with quadratic 
self-interactions. In [^ the simultaneous presence of dilaton field and quadratic corrections 
has been investigated in a more string theoretical perspective and mainly in six-dimensions. 
Suppose now that a smooth domain-wall solution is used in order to localize fields of 
various spin as in PJ^ . It is then interesting to investigate how the localization of the metric 
fiuctuations (coupled to the fiuctuations of the wall) is affected by the addition of EGB 
self-interactions. Smooth domain wall configurations leading to a fully regular geometry 



can be constructed P3|-Pq]. The warp factors interpolates in a regular way between two 



AdS^ geometries. If the gravity action is selected to be the Einstein-Hilbert term, the 



scalar and vector zero modes of the geometry are not localized on the wall p9[ while the 
tensor zero mode is localized, leading, ultimately, to ordinary four-dimensional gravity. Once 
quadratic self-interactions are included in the picture, important effects on the localization of 
gravity [^ have been discussed and it has been also argued that singularity free domain-wall 
solutions are possible if the quadratic part of the action is expressed in terms of Gauss-Bonnet 
combination [ p31| . 

The aim of the present investigation is to study the fluctuations of scalar walls when 
Gauss-Bonnet self-interactions are included. Most of this analysis can be developed in 
general terms, i.e. without specifying the explicit solution describing the domain-wall. The 
fluctuations of the metric can be studied in terms of fully gauge-invariant quantities so that 
the obtained results will be independent on the speciflc coordinate system. Technically this 
is made possible by generalizing the Bardeen formalism ||3^ to the case of non-compact extra 
dimensions whose dynamics is described in terms of a speciflc quadratic theory of gravity of 
the type of the one recalled in Eq. ( |1 . 1| ) . The application of the present formalism to the 
context of large (but compact) extra-dimensions p3|-p5[1 will not be directly examined here. 

The plan of the present investigation is then the following. In Section II the basic 
equations describing the background dynamics will be presented. In Section III the fully 
gauge-invariant approach to linearized fluctuations will be discussed and applied to the prob- 



lem at hand. Section IV deals the locahzation of the tensor fluctuations whereas in Section 
V the localization of the vector and scalar fluctuations will be analyzed. Section VI con- 
tains some specific studies of the localization of metric fluctuations in the case of analytical 
and singularity-free thick brane solutions induced by Gauss-Bonnet self-interactions. Some 
concluding remarks are presented in Section VII. Various technical results are collected in 
the Appendix. 

II. BRANE SOURCES WITH QUADRATIC GRAVITY IN THE BULK 



Consider a bulk action containing EGB self-interactions together with a brane source 
describing the spontaneous breaking of D-dimensional Poincare invariance: 

1 



S 



d^'xx/lGl 



2k 



EGB + ^G^^'dA^dBV-Viip) 



(2.1) 



where k = SttGd is related to the D-dimensional Planck mass. The sign of the coupling 
appearing in front of the EGB combination has been taken in order to match the sign 
obtained from the low-energy string effective action. Dimensionally, [a'] = L^^^ where L is 
a generic length scale. The potential V{(f) will be assumed to be symmetric for (p — > —(p. 
For sake of simplicity, one can think of the case where the potential is 



Viifi) = Vo 






C3 



(2.2) 



where ci, C2 and C3 are numerical coefficients of order one (no hierarchy is assumed among 
them). The equations of motion derived from the action of Eq. ( |2.1|) 
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Ra - t^^aR = f^T^ - 2a' kQ^ 



A^ 



dV 



are written in terms of the brane energy-momentum tensor 



(2.3) 
(2.4) 



(2.5) 



and of the Lanczos tensor 



Q^ = - (5^ T^-EGB — 2RR^+ ARac R +4 Rcd Ra 



'''''' -RacdeR''''''^ (2.6) 



accounting for the contribution of quadratic corrections to the equations of motion. 
In the contracted form of Eqs. ( p.3D -( p^ 



_B 



rS 



?B 



:,CB 



CBD 



Ra = ^^A ~ ^ ^A'l'^EGB ~ '^RRa + 4:Rac R^^ + ^RcdRa^^^ ~ "^RacDE R 



BCDE 



(2.7) 



we set, for notational convenience, e = 2a'K and d = D ~ 2. In Eq. ( p.7| ) 



^A 



d 



5^ 



A) 



(2.8) 



and T = T4 is the trace of the brane energy-momentum tensor. The D- dimensional metric 
will be taken in the form 



ds^ = a? {w) [dt^ — dx\— ... — dx^ — d'uP' 



(2.9) 



where the ellipses stand for the d spatial coordinates on the brane and while w is the bulk 
coordinate [|. 

Defining Ti = a' /a, in the metric of Eq. ( |2.9| ) the EGB combination can be written as 



'^EGB 



d{d+l] 



fn_/2 



{d -i){d- 2) n^ + 4{d - i)n'n 



(2.10) 



where the prime denotes the derivation with respect to the bulk coordinate w. The non- 
vanishing components of the Lanczos tensor are 






2a' 



d{d-l){d-2){d-3)n'' +4d{d- 1) {d - 2)n'H 
:d{d+l){d-l){d-2)H\ 



Vfj.1^^ 



(2.11) 
(2.12) 



where 77^ i, is the Minkowski metric in {d + l)-dimensions. 



^The Latin (uppercase) indices run over the whole D-diniensional space-time whereas the Greek 
indices run over the (d + l)-dimensional subspace. 



Using Eqs. ( |2.10| )- (p.l2| ) the explicit form of Eqs. 
metric of the type of the one reported in Eq. (|2.9|): 



can be obtained for a 



dn' + 



d{d 



-H^ = -K 



^' 



+ Va^ 



+ 



o?i 



d{d-l){d-2){d-3) 



2nj' 



n^ + 2d{d-i){d-2)n'n 



d{d+r 



re = K 



/2 



+ —-d{d + i){d-i){d-2)n^ 

2a^ 



(p + driip — :T—a 
dip 



0. 



By combining Eqs. ( 2.13| )- (|2.15| ) we obtain 

^ + ;7^l(^' + dn") - 4(^ - 1)(^ - 2)[(rf - 1)^' + 2n''n']] = o, 

where 



-'2 ^(7^2 _ 7^')^(y,) 

d 



(2.13) 
(2.14) 
(2.15) 

(2.16) 
(2.17) 



q{w) 



1 - %{d - i){d - 2)n' 



(2.18) 



has been defined since it naturally appears in the analysis of the metric fluctuations. 

The relation among the reduced Planck mass and the higher dimensional Planck mass is 
modified with respect to the case when quadratic curvature corrections are absent. In the 
interesting case when d = 3 



Ml ~M' 



'- 



a^ 



dw. 



(2.19) 



In the case when e = 0, Eq. ( p.l9|) turns into the the well know relation connecting the 
four-dimensional Planck mass to the five- dimensional one. 



III. GAUGE-INVARIANT THEORY OF LINEARIZED FLUCTUATIONS 

When EGB self-interactions are included in the action the theory of linearized fluctua- 
tions is more complicated than in the case where the bulk action only contains the Einstein- 
Hilbert term. The system of equations describing the fluctuations can be written, formally, 
as 
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SR^ 



k5t^ 



2a'K 
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SQ^^ - -M 51 



(3.1) 



with 



5rf = dA^d\ + dAXd""^ - l^A^X, 



(3.2) 



and where x denotes the fluctuation of ip. The fluctuations of the Lanczos tensor (and of 
its trace) appearing in Eq. ( |3.1| ) can be written as 



5Q 



B 



-^T^EGB^A - 2^ SR^ - 2SR r\ + A5Rac R^^ + 4 Rac 5R^^ 



+ A6RcdRa'''''' + '^RcdSR, 



CBD 



26R 



ACDE 



■^BCDE ^-^ ^ jjBCDE 



6Q 



d-2 



'^'^EGB 



id -2) 



R6R — 2R][,f]\f6R 



2d Rm N R 



'^Racde SR 



+ -RmnabSR + -SRmnabR 

6R = Rmn^G + Gmn^R 1 



(3.3) 
(3.4) 
(3.5) 
(3.6) 



where the symbol 5 indicates the fluctuations of the various tensors to first order in the 
amplitude of the metric fluctuations 



vB 



G'X{x'',w) = GAiw) + 6G2ix^',w) 



B(^l^ 



(3.7) 



and where the over-line reminds that the corresponding quantities are evaluated on the 
background. Eqs. ( |3.1| )- (|3l^ ) should be supplemented with 



SG^^idAdsV - TABdcy^) + G^^'idAdBX - TabOcX - ST^dcy:^) + ^X = 0, (3.8) 

which is the perturbed counterpart of Eq. 



The gauge- invariant theory of linearized fluctuations p9|j3^ can be generalized to the case 
when the gravity action is not in the Einstein-Hilbert form. Even if the metric fluctuations 
are not, by themselves, invariant under infinitesimal coordinate transformations, fully gauge- 
invariant equations can be obtained using a two-step procedure which will be now illustrated. 

Eqs. ( p.lD -( P^ should be written in general terms without choosing a specific coordi- 
nate system but keeping all the {d + 2){d + 3)/3 (15 for d = 3) degrees of freedom of the 



metric. Then the variation can be written in fully gauge-invariant terms by selecting the 
appropriate variables invariant under infinitesimal coordinate transformations. This proce- 



dure is strongly reminiscent of what is done in the context of the Bardeen formalism |32 



and of its generalization to the case of compact Kaluza-Klein dimensions [^,0 • 

The second step will be to write down, explicitly, Eqs. (|3.1D-(P78D in terms of the gauge- 
invariant fiuctuations and to decouple the system. In order to complete this second step the 



background equations (|2.13| )- (|2.15| ) will be used into the perturbed equations together with 



the constraints arising from the off-diagonal components of the perturbed equations. 

A. Fully gauge invariant approach 

Without assuming any specific gauge the fiuctuations of the Ricci tensor can be obtained, 
after a tedious calculation: 

- 9,9° [{c - Ej + nic - E') - ^] } , (3.9) 

6r; = ^{dd.im + ^') + \d.dP{D, - /;)}, (3.10) 

+ d'^ii)" + {2d + i)ni)' - do^d'^i) + m' + 2{n' + dn^)i - nOaO'^ic - e')] 

+ d^d'HE' - Cy + dn{E' -C)+i-{d- l)i)] 

+ m,r^)" + dn{d^,r^)'] - m^D^^y + dn{d^,D''^)]], (3.11) 

where the various functions appearing in the fiuctuations come from the perturbed form of 

the metric which has been taken as 

f2h^, + {d^f, + d,f^)+2ri^,^ + 2d^d,E D^ + d^C \ 
SGab = a^iw) . (3.12) 

V D^ + d^C 2i I 

In Eq. ( |3.12| ) h^^ is a divergence-less and trace-less rank-two tensor in the ((i-l-l)-dimensional 

Poincare invariant space-time. The vectors /^ and D^ are both divergence-less. The scalar 
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fluctuations are parametrized by the four independent functions ^, ip, C and E. The number 
of independent functions parameterizing the fluctuations of the metric is then ((i+2)((i+3)/2. 
Under an infinitesimal coordinate transformation of the form 

x^ _ 5^ = a;^ + e^, (3.13) 

the fluctuations of the metric transform according to the usual expression involving the Lie 
derivative in the direction of the vector e^ 

5Gab = 5Gab - ^A^B - V^e^, (3.14) 

where e^ = a^(w)(e^, — e^) and where the gauge functions can be written as 

e^. = d^e + C^ (3.15) 

with a^C^ = 0. 

As defined in Eq. ( ^.12| ), the tensor modes of the metric fluctuations, i.e. h^^, are 
automatically invariant under the transformation ( ^.13 ), whereas the vectors and the scalars 



are not gauge-invariant. This is the source of the lack of gauge-invariance of Eqs. (|3.9|) - 



( p.llQ . However, since there are two scalar gauge functions [i.e. e and e^^], and one vector 



gauge function [i.e. (^], two gauge-invariant scalar fluctuations and one gauge-invariant 
vector fluctuation can be constructed. The gauge-invariant scalars are 

^f = tlj-n{E' -C), (3.16) 

E = ^--[a{C-E')]'. (3.17) 

(Jj 

The gauge-invariant vector is 

V, = D,-fl. (3.18) 

The invariance of Eqs. (|3.16|) - (|3.18|) with respect to infinitesimal coordinate transformations 
can be verified by using the explicit form of Eq. (p.l4| ), namely: 

^M^ = V' (3-19) 



for the tensors and 



Jfi Jfi ^1 



A" 



D,. 



D, - C' 



(3.20) 
(3.21) 



for the vectors. Since according to Eq. (|3.14|) the scalars transform as 



E = E-€, 

xij = iIj - He^, 
C = C-e' + e^, 



(3.22) 
(3.23) 
(3.24) 
(3.25) 



the invariance of Eqs. (|3.16 )-( 3.17 ) is immediately verified. Sometimes, in cosmofogical 
apphcations, the gauge-invariant fluctuations are called Bardeen potentials. 

Using Eqs. (|3.16| )- (|3.18| ) into Eqs. (|3.9| )- (|3n| ) the fluctuations of the Ricci tensor can 
be written as the sum of a fully gauge-invariant part and of a second term which will vanish 
using the equations of the background: 

(3.26) 
(3.27) 
(3.28) 



5RI = d^^'^Rl - RZMC - E') + R'MC - E') 



5Rl = 5^^^Rl-[Rl]'{C-E') 



where 5'-^'-' denotes a variation which preserves gauge-invariance and where 

s^^^Rl = \[{d + 1)[^" + n{^' + s') + 2H'z] + a„a"s}, 

^fei)/?;; = ^|(5;:[^" + {2d + i)n^' - 9^9"^ + n~! + 2{n' + dn'^)--] 

(Jj V 

+ a^a-^is -id- 1)^] - [{d^.v^y + dnid^^v^)] + h;" + dm;' - d^d'^h; 



(3.29) 
(3.30) 

(3.31) 



The same procedure outlined in the case of the Ricci tensors should be repeated for 
all the tensors appearing in Eqs. ( |3.1|) -( ^^ . For sake of simplicity, in view of the rather 
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heavy algebraic expressions, the tensor, vector and scalar modes will be separately dis- 
cussed. Moreover, the relevant technical results will be collected in the various sections of 
the Appendix. 

Under infinitesimal coordinate transformations also the scalar field fiuctuation x changes 
as 

X = X- <^'e«>, (3.32) 

and the corresponding gauge-invariant variable is 

X = x-V\E'~C). (3.33) 

Also for the fiuctuations of the brane source the same procedure outlined for the Ricci tensors 
should be performed so that fully gauge-invariant fiuctuations can be obtained. 

IV. LOCALIZATION OF TENSOR MODES 

Taking the contracted form of Einstein equations into account, Eqs. ( |3.1|) - (|3^) per- 
turbed to first order in the amplitude of (gauge-invariant) tensor fiuctuations h^^ can be 
written as 



l-2tR 



5RI + 2e\2[5Rap R^ "'^ + R^p 6R^ '""' + R^^ 5R^ 



WVWl 



-[5R,cDE R"'"'''' + R,CDE <5i?^^^^] + 2[5R^^ R''" + i?^„ 5/?"^^]} = 0. (4.1) 

where the symmetries of the background (i.e. R^w = 0, etc.) have been used, when possible, 
in order to simplify the contractions. Recalling now the explicit form of the background 
tensors reported in Eqs. ( |A.3|) -( [Al6D and their perturbed version reported in Eqs. (|B.1|) - 



^ of Appendix B the following equation can be obtained 

2e 



V 



{i-^,n\d-i){d-2)}hi 

+\^dn - '^{d -i)id- 2)[2n' + id~ 2)7f]h';'y';' 

-|l - ^(t/ - 2) ^2n' + id- 3)7^2] ^d'^dah'; = 0. (4.2) 
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The different contributions appearing in Eq. ( [4.1| ) and leading to Eq. ( |4.2| ) are listed in 
Eqs. ( |B.4| )-( [Br6| ) of Appendix B. Using now the explicit definition of q{w) reported in Eq. 
( pJ^ ), Eq. (13) becomes 

q' 



qK" + (dHq + q')K' - 



q 



id-i)n. 



dad'^hl = 0, 



(4.3) 



where the relation 



4e 



g' = —{d -i){d- 2)n{n^ - n'). 



(4.4) 



By eliminating first derivative, Eq. ( [4.3| ) can be finally put in a Schrodinger-like form, 
namely 



fl -l^l^ OaO ft = 0. 

y/s S 



where, for a generic tensor polarization. 



^{w,x^) = \/s{w)h{x^,w), 



(4.5) 



(4.6) 



and where 



s{w) =a'^ l-2e{d-l){d-2) 



W 



a2j 



a'^g. 



r{w) = a'^\l-2 



id -2) 



2n' + {d- 3)W 



a'iq 



q' 



{d-i)n 



(4.7) 



Not surprisingly the same equation can be directly obtained by perturbing the action 
!T]) to second order in the amplitude of the tensor modes with the result that, up to total 
derivatives, 



5(2)5 = ^ / d'^+'x 



—s{w)h' +r{w)dahd"h 



(4.8) 



where h represents, as usual, a generic tensor polarization. 

By using the Euler-Lagrange equations, Eq. ( [4. 21) can be obtained. In terms of 11 the 
action of Eq. ( ^78|) can be written as 



5(2)5 = t / d'^+^x 



,2 (v^) 2 . "^ r. na 
-fj, ^/i + -OafiO fi 

y/s S 



(4.9) 



12 



By taking the functional derivative of the above action with respect to /i the related equations 



of motion is, as expected, Eq. ([4.5|). 

The obtained result has been derived without specifying the background geometry but 
only assuming the form of the metric, i.e. Eq. ( ^.91 ). Equations ( [4.2| )-( ^^ hold then in 
general for the theory described by the action { ^■1\) . From Eq. ( [4.5[ ), the equation for the 
mass eigenstates is 



—^ + V{w)nn, = m^-fiyn, 



(4.10) 



where 



V{w) = C^- £', C 






(4.11) 



In a context of supersymmetric quantum mechanics C is the superpotential ||5^ . In term of 



the superpotential Eq. (|4.1CI| ) can be written in terms of two first order differential operators. 
From this form of the equation for the mass eigenstates, it follows that if the lowest mass 
eigenstate is normalizable the spectrum does not contain tachyonic modes. 
The lowest mass eigenstate related to Eq. ( [4.2|) is given by 



lio[w) 



\^s{w) 



d/2 



l-2t%{d-2){d-l), 



(4.12) 



and the corresponding normalization integral can now be written, assuming the background 
is invariant under w —>■ —w symmetry 



2 / a {w)q{w) dw 
'o 



oo _ '1/2 



a'^iw) 1 - 2e^d - 2){d - I) 



dw, 



(4.13) 



where the first equality follows from the definition of Eq. (|2.18|) . Concerning eq. ( [4.13|) few 
remarks are in order. Consider for sake of concreteness the case d = 3. It will now be shown 
that if the four-dimensional Planck mass is finite and if the background geometry is regular 
everywhere, then the tensor zero mode will always be localized. 

From Eq. ( |2.19| ) the four- dimensional Planck mass can be written as 



Ml, 



POO 

M^ / a^ 
Jo 



q + ^in' + n' 



dw. 



(4.14) 
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Using now the fact that aiji? + 7i') = a", Eq. ( [4.14|) can be further modified 



Ml = M^l f a^ q dw\ + 8eM^[a']^ (4.15) 

The second term in Eq. ( |4.15| ) should be finite if the geometry is regular everywhere. The 
first term is exactly proportional to the integral appearing in the normalization condition 
of the tensor zero mode of Eq. ( [4.131 ). Hence, if the four-dimensional Planck mass is finite, 



the tensor zero mode is localized. 

Notice that, if q{w) would diverge at some value of w, then a singularity should be 
expected in the background. Suppose, in fact, that q{w) diverges at some w. If this is the 
case, from Eq. (|2.16 ) it is easy to show that in order to have ip' regular, {7i' — 7i^) should 



go to zero. But H' ~ H^ implies that Ti. ~ {wq — w)"^, which produces, in its turn, a 
singularity in the curvature invariants (|A.3| )- (|A.5| ). Thus, if q{w) at some value of w either 
ip'{w) diverges or the curvature invariant diverge, or both. 

V. LOCALIZATION OF VECTOR AND SCALAR MODES 

A. The vector modes 

The evolution of the gauge-invariant vector fluctuation V^ can can be obtained, after 
some algebra, from the (/i, z/) and (/i,w) component of Eq. ([Ol). The detailed results 
for the fluctuations of the Riemann and Lanczos tensor perturbed in the amplitude of the 
gauge-invariant vector modes of the geometry are reported in Appendix C From the {fi, v) 
and (yU, w) components of Eq. (p.l|) the resulting equations are, respectively. 



q{w)[d^''V^)]' + Un - ^(rf - l){d - 2)[2nn' + (rf - 2)T-e]\v^ = 0, (5.1) 



2e 
-dad'^V^ = 0. (5.2) 



Eq. ( |5.1| ) is obtained from Eqs. ( |C.4| )-( PI^ ) whereas Eq. ( |5^ ) can be derived from Eqs. 
( |U.7| )-( |(T^ . Both sets of equations are collected in Appendix C. Eq. ( p^ implies that V^ 
is massless whereas Eq. ( ^.1|) allows to determine the evolution of the zero mode. Recalling 
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the definition of tlie background function q{w) given in Eq. (|2.18|) , Eq. (|5.2| ) can be written 
as 



'"^H-2''^hh-' 



(5.3) 



where V^ = a'^^^^yqV^ is the canonical normal mode of the vector action perturbed to second 
order in the amplitude of the amplitude of the metric fluctuations, namely 



6^'^S^ 



V 



d'^+^xdw- 



rf^d^V^dpV^ 



(5.4) 



For each vector polarization, the evolution of the zero mode is given by: 

1 



Vo 



a'^/^yg 



(5.5) 



The corresponding normalization integral will then be 

dw 



(5.6) 



/q a'^{w)q{w) 

By comparing Eq. ( |5.(j| ) with Eq. ( |4.13| ) it can be immediately appreciated that the inte- 
grands appearing in the two expressions are one the inverse of the other. J/the tensor modes 
are localized, then the vector modes will not be localized. 



B. The scalar modes 

Using the definition of q[vS) the evolution equations for the gauge-invariant scalar fluc- 
tuations of the geometry can be written from the explicit expressions of Eqs. ( p.l|) -( ^l8D . 
The details are reported in Appendix C For the {w^w) component the results is | 

qdad'^E + {d+ l)q^" + {d + l)n 1 - -^{d - l){d - 2){2n' - H^) + {d + l)nqE' 



+2{d + l)S<j n' + ^-^id- l)id - 2) 



2n'n' - w 



} + ^'X' + \^a'X = 0, (5.7) 



^For sake of simplicity, in the following part and in the related Appendix D natural gravitational 
units 2k = 1 will be used. 
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whereas the (/i, u) component leads to 

2e 
2e 



q-q," + n-^'^{2d + 1) - -^{d -l){d- 2)[2n' + {2d - 1)7^')]} + qHE' - qdad"^ 

+2E\{n' + dn^) - ^id - i){d - 2)[{d - i)n^ + 2n'n^]] + -,^a^x = o, (5.8) 

la"' J d dip 



if yU = z/, and to 



qE-{d- l)^|l - -^{d - 2)[2n' + {d- 3)n^]j = 0. 



if /x 7^ z/. Finally, the (/x, w) component of Eq. (|3?T|) produces the constraint 



(5.9) 



dq{^' + HE) + -if'X = 0. 



The perturbed scalar field equation becomes 



d^V 



Subtracting now Eq. ( [5.8| ) from Eq. (|5.7|) 



ga«a"^ + S +dq 



^" + H 



^' iTr' 



^' 



d g'(^' + HS) + XV = 0. 



(5.10) 



X" + dnX' - dad"X - -TT^a^X + ^'Ud + 1)^' + S'l + 2((/?" + dn<^')E = 0. (5.11) 



(5.12) 



Using now Eq. ( p. 9] ) in order to eliminate S from the constraint, Eq. ( |5.1(J| ) can be written 



as 



X = -^|v,' + v,[(^- 1)^ + ^1). 



(5.13) 



if- I L q. 

Inserting Eqs. (pl9| ) -( pT3D into Eq. (|5.12| ) a decoupled equation for the Bardeen potential 
is obtained 



^" 



+^ 



Hq 



9^9"^ + *' 



q' V"- 
dn + 2-- 2-^ 

q ^'' 



'- + '-^ + {d- ml- - 2{d - i)n^ - 2^1 + 2(d - m' 

L q q H q ip' ip' q 



(5.14) 



Rescaling now \1' according to 






(5.15) 



16 



the following equation can be obtained from Eq. ( ^.131) 

1\" 



*"-Ki)*-('+4K^°*=« 



where 



z{w) 






(5.16) 



(5.17) 



In order to get to eq. (|5.16| ) the following background relation [obtained by deriving Eq. 
( p.l6| )] has been used 



H" 



2n' 



.V^' 



' a) 






(5.18) 



By virtue of the constraint ( ^.10| ) the equation obeyed by $ is also obeyed by the appropri- 
ately rescaled H variable. 

The normalization condition for the lowest mass eigenstate related to Eq. ( ^.16|) can be 
now written as 



dw 



oo -1/2 

dw 



a'^ (^'2 • 



(5.19) 



'0 k(u^)P JO 

It will now be shown that this integral cannot be convergent. Consider the case d = 3. 
The integrand appearing in Eq. (|5.19| ) can be rearranged by using Eq. (|2.16| ) which should 
always hold since it is a background relation. Therefore, 

'•°° dw / n^ 



oo -1/2 

dw —, 7j 



6 



(5.20) 



iQ u~if Jo a'^q \l-P—7i'' 

The expression appearing in the denominator is a~^q~^ . This is exactly the inverse of the 
integrand arising in the definition of the Planck mass. Now, in Eqs. ( ^4.14|) and ([4.1 5|) 
it has been shown that in order to have a finite four-dimensional Planck mass a^q should 
be convergent everywhere and, in particular, at infinity. Therefore a~^q~^ will be strongly 
divergent. In the same limit, if the curvature invariant are regular at infinity, 7i^/(7i^ — Ti') 
cannot converge fast enough to make the whole integral convergent. 
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VI. PHYSICAL EXAMPLES 

In the previous sections various conditions on the locahzation of the zero modes of the 
geometry have been obtained without specifying the background solution. It is interesting to 
apply them to some specific case of (analytical) thick brane solution with EGB corrections. 

In order to solve Eqs. ( |2.13| )-( P^.15| ) a useful approach is to fix the geometry. Then, from 
Eq. ( ^.ICj ), the relation (p{w) can be obtained after one integration. Then, by inverting 
this relation, w = w{(j)) can be inserted in Eq. ( |2.17| ) and V{ip) determined. Following this 
approach it can be obtained, for instance, 

"*^^) = / 0°, i ' (6-1) 

X 

f{x) = <fo^=== + 'Pi, (6.2) 

where 



ao = ^/2e{d-l){d-2)b, (6.4) 

^° = V ^' ^° = 4.eid-l)id-2y ^'-'^ 

and (fi is an integration constant. In Eqs. (|6.1|)-( |5TT^ ), x = bw is the bulk coordinate 
rescaled through the brane thickness. In this dimension-less coordinate the brane core is 
located for |a;| < 1. Far from the core, i.e. |x| ^ 1, the limit of the solution is AdSd+2 space, 
in fact 

lim a{x) = — (6.6) 

where A is the "radius" of AdS space. For instance, in the d = 3 case, A = 2\j2a'K can be 
identified with the radius of the AdS'^ space. Similar solutions have been discussed in [pl|] . 
Over these solutions the curvature invariants and the EGB combination (appearing in 
the quadratic part of the action) are all regular for any value of the bulk coordinate. In fact. 



Eqs. ( [A.3|) -( |Al5D in the specific background provided by Eqs. ( |6.1|) -( |6!4D , the exphcit form 



of the curvature invariants can be obtained: 



4{d-2f{d-lfe^x^ + lf ^ ' 



n Kab 



{d +1) rf2 X^ + 2 (x2 -if + d (3 X2 - 1) (x2 - 1) 



A{d-2f{d-lfe^x^ + lf 



(6.8) 



r^ABCD p (rf+l)[2-4x^ + (2 + rf)x^] 

rt -n-ABCD — o o T- iO.y I 

2(rf-2)'((/-l)'e2(x2 + l)' ^ ^ 

All the curvature invariants go to constant for large |x| and they have two minima and a 
maximum around the origin. 

Let us now focus our attention to the case d = 3. In this case the integral appearing in the 
definition of the Planck mass [see Eq. ( p.l9|) ] is finite and the integrand always convergent, 



as it can be directly checked using Eq. ( |6.1|) into Eq. (|2.19|) . 

As argued in the Section IV the tensor zero mode will also be normalizable. In fact, for 
the background of Eqs. ( |6.1| )- (|2rT7| ) the normalization condition of eq. ( [4.13| ) reads 



2 r -T7^VT-^ ^ ^^^"'"" r n ^5/2 - (6-10) 

Jo a-^{w)q{w) Jo (1 + x^f/^ 

which is clearly convergent. Consider now the vector modes discussed in Section V. On the 
basis of the results of Eq. ( p.6| ) the vector zero mode is not normalizable. In fact, from Eq. 
( p. 61 ) the normalization integral can be reduced to 



oo 



{l + x^/^dx (6.11) 



which is not convergent at infinity. 

Consider finally the scalars discussed in Section V. From the general condition derived 
in Eq. ( |5.19| ), the normalization integral reduces to 

^ ' x2(l + x2)5/2, (6.12) 



which is divergent at infinity. 
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VII. CONCLUDING REMARKS 

A gauge-invariant framework for the analysis of the fluctuations of the various modes of a 
warped geometry has been developed in the case when the gravity action contains quadratic 
curvature corrections parametrized in the Gauss-Bonnet form. 

General conditions for the localization of the tensor, vector and scalar fluctuations of 
the metric have been derived. If physical domain-wall solutions are described using a bulk 
action containing the Gauss-Bonnet combination the evolution equations of the fluctuations 
can be reduced to a set of decoupled second order (Schrodinger-like) differential equations. 

The lowest mass eigenstate of the tensor fluctuations is always localized provided the 
four-dimensional Planck mass is finite. On the contrary, under the same assumption, the 
scalar and vector zero modes are not localized. The only other assumptions used in the 
analysis are that the geometry is fully regular and that the background is symmetric for 
w -^ —w. Specific examples of thick domain- wall solutions induced by Gauss-Bonnet self- 
interactions have been also studied providing, in this way, concrete examples of the general 
features illustrated in the analysis of the fiuctuations. 
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APPENDIX A: EXPLICIT FORM OF QUADRATIC INVARIANTS 



Useful background relations will be now collected. From the explicit form of the Riemann 
tensors 



R' 



fiwu ~ '^ V^l.v■, 



R\uf^= l^uVaf^ - S'^Vau]n'^ 



the corresponding explicit form of the Ricci tensors 



R^^ = (n' + dn^x 



flUI 



Rww = —{d + 1)'^', 



leads to the explicit expression of the curvature invariants 



R 



{d+l) 



a^ 



AW + d'n" + AdWH 



I-XJ2 



AB-^ _ jd+l) 
-K ^AB — 7 

(d + l) 



/'2 I j2-ij'4 



rnj2 



-5ABCD-= 



{d + 2)n'" + d'W + 2dn'n 



4H'^ + 2dW 



whereas the explicit form of the EGB combination is 

d{d+l) 



n 



EGB 



inj2 



{d -i){d- 2)n^ + A{d - i)n'n 



The covariant components of the Lanczos tensor are instead: 
— d{d-l){d-2 



Q 



/lU 



2 a^ 
d{d+l){d-l){d-2). 



2a? 



{{d - 3)W + 2n'K}r]^,, 



(A.l) 



(A.2) 



(A.3) 
(A.4) 
(A.5) 



(A.6) 



(A.7) 
(A.8) 



APPENDIX B: THE TENSOR PROBLEM 

In the present Appendix the perturbed form of the various quantities entering Eqs. 
( ^.1D -( P^ will be reported in the case of the tensor modes of the geometry. The only 
non- vanishing fluctuations of the Riemann and Ricci tensors can be written, in this case, as 
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s^^^R''^^^ = -{h';" + nh;'), (B.i) 

+n[v,.h'^/ - v,fsK'] + nr^ih[^, + 2nh,,) - 6:ih'^^ + 2nh,p)i (b.2) 

5^^^Rl = \K" + dHK' - d^d-K). (B.3) 



a2^ ^ 



Hence the different contributions appearing in Eq. ( [4.1|) can be written in an explicit form 
and they are 

[1 - 2eR]5^^'^R''^ = 4{l - ^ U'H'id - 1) + d{d - 3)n^] V/i);" + dHh"^' - d^d^h"^), (B.4) 

4e[5fe')i?^„:R"" + :R^,5fe')i?n = ^\h';"[{d + i)n' - re] + h';'[2dnn' + d{d - 2)re] 



-[W +{d- l)re]d^d''K'^^, (B.5) 

2e[26^^^R^p\ °'^ + 2R^p5^^^R^ ^'^^ + 2R^^S^^'^R^ ""^"' - ^^^^i^^cDi^^R''''''' 

-^R^cDi^^^'^'^i?"''''''] = -^1^'/^;:" + [nn' + id- i)n']h^; - n'd^d^h';] (b.6) 

Inserting the terms reported iun Eqs. (|B.4| )-( [BT6| ) into Eq. ( |4.1| ) the exphcit form of the 
evolution of the tensor modes of the geometry can be obtained and it is given in Eq. ( |4.2| ). 

APPENDIX C: THE VECTOR PROBLEM 

The gauge-invariant fluctuations of the Riemann tensors to first order in the amplitude 
of the vector perturbations of the metric will now be reported 

s^'^^R'^u^ = lldAV' + nv^j + d^ivi + HK]], (c.i) 



s^'^^R^ aw = (^' - n')v'^r]^p - n^vj>; + -df.io'^v^ - d^v% (c.2) 



1 

2 

-vAduV' - -9°^] + ^^[d.Vp + dpv;\y (C.3) 

Using Eqs. (|C.l|) -( p73|) , the explicit form of Eq. (|3.1| ) perturbed to first order in the 
amplitude of the vector fluctuations of the metric can be obtained. In particular, for the 
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(/i, u) component^ 



[1 - 2eR]6^^'^m 



2e 



2(rf + i)n' + d{d + i)hM I [5(^^"Y + rf^[5(M^ 



rl/)] 



4e[5fei)i?^„ r""" + R^J^^^R'' 



-{n' + dn^ 



di.V'^ 



dUd^^V''^ 



2e[25^^'^R^pR^ "'^^ + 2/?,^<5fe')i?^ '^^^ + 2/2^^5^')/?^ 



-^fe'^i^.r^n^r^'''' - :R„r7nE5fe')i?^^^^l 



IfiCDE 



y.CDE<~ 



4e 



-^ [7^^-(ci-l)H'] 



^('^v; 



A') 



[(rf(rf - 2) - 2(rf - 1))^^ + 2(rf - i)rm'] 



d^^V, 



m) 



For the {fj,, w) component we have 

2 



[1 - 2eR] ^fe'^i?; = Aa„a"i^^|i - ^[2((i + i)n' + d{d + i)n^]n^^ 



4e[<5fe^)i?^^ i?"" + i?^„5fe^) /?-'"] = -^^d^d^V,[dn' + {d + 2)n'], 



2e[2S^^'^RcD R, + ^RcD 5^^'^R^ ''"'' - S^^'^Rf^cDE R 



■vCDE 



-R 



fiCDE 



6^>^^R 



uCDEi 



2e 



-[{d-i)n'-n']dad''v,. 



(C.4) 
(C.5) 



(C.6) 



(C.7) 
(C.8) 

(C.9) 



Using Eqs. (fJ7^-{^), Eq. Q can be derived. Similarly, Eqs. (|(TFD-(p:^ give Eq. 



APPENDIX D: THE SCALAR PROBLEM 



The gauge-invariant fluctuations of the Riemann tensors to first order in the scalar fluc- 
tuations of the metric 






l^wi/ 



awf3 






P^a^\i 






^Notice that, in the following equations, <9(^Vj^) = ^{d^V^ + d,yVf^) 
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(D.l) 
(D.2) 

(D.3) 



allow to compute the various components of the perturbed form of Eqs. ( p.l|) . The {fi,w) 
component of Eq. (|3.1|) can be obtained from the following expression 



S^'^^K - Id.xd'-V 



a^l 



d^d^' + dUE-^^'x 



-2R5^^^Rr, + 46^^^RuyjT" + AR^j'^^^R 



'■/iO'- 



2e, 



4e 



5fe^)i?^„ R ,""" + i?a«5fe') R "'"^ 



4e 



—dredf^l^' + dWE] 



-2e 



R.o.,.5^^^R-'' + 5fe')i?„„,.r""'^ + 5^^^R.^s^-r''''" 



i-fiafi'y 



fiap-w ^ 



^{W -re)d^[d^' + dUE]. 



(D.4) 



[2H' -2d^H^]d^[d^!' + dlHBl (D.5) 



(D.6) 



(D.7) 



The EGB combination appearing in Eq. (p.l|) does not contribute to the off-diagonal com- 
ponents of the perturbed equations but it does contribute to the diagonal components. From 
the fluctuation of the EGB combination 

K = e(5fe^)7^|GB = ^{{d- l)n^d^d'^E - {d - l)[n' + {d- 2)n'']d^d''<il 

+{d -i){d + 1)7^2^" + {d-i){d + i)n^E' + {d-i){d + i)n'^'[2n' + {d- i)n^] 
+{d - i){d + i)[4:n'n^ + {d- 2)n^]E\, (d.s) 

the {w,w) and (/i, z/) components of Eq. ( |3.1| ) can be obtained. In fact, defining 

2 d dip 



ATf 



-2e 



Rd^^'^Rl + RJ^^^R , 
O^ = Ae^d^^'^RAc^'''' + Rac5^^'^R^'']. 

r/ = -Ae[RACDE5'^^'^R^^^'' + 5^^^RacdeR 



-j^BCDE 1 



the equation of the fluctuations is given, according to Eq. ( p?T|) , by : 

M^ + -^5llC + ATf + Oab + 5| + r/ = 
Hence, the (w, w) equation can be derived from the following explicit expressions 



(D.9) 



(D.IO) 
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MZ = \{dad"E + {d+ 1)[^" + H{^' + E')] + [2{d + l)n'v'^]E + if'X' 

(Jl V 



+ 



Af" 



IdV 

d dip 
2e 



a^x}, 



(D.ll) 



{d + l){An' + dn^)d^d''E - 2d{d + l)7^'a^9"^ 



+4{d + iy[2n'^ + n^n']E + {d + lyi^n' + dH^](^" + he' 

+{d + iy[2{d + 2)n' + dn^]^^' 
4e 



(D.12) 
(D.13) 



oz = —M + i)n'\2d^d''E + 2{d + 1)[^" + i-i{^' + s')] + 4(rf + i)H's}, 
5^ = If |(d + lydrC + 27i:']^" + (d + i)[2(rf + i)n' + dre\H^' - 2dn'dad''^ 

+4{d + i)n'{n' + dn^)E + {d + i)[2n' + dn']nE'{2n' + dn^)do,d^EV (d.m) 

rj = -—^n'Ud + l)[^" + 7^(^' + E') + 27^'S] + d^d'^E + 9"9"S}. (D.15) 

Using Eqs. ( [aTTD -( p7[5D together with (TO ) into Eq. ( |DlOD Eq. (13) is recovered. 
The (yU, z/) component can be similarly obtained from 



M'',=^{5 






-—a'X 
d dip 



QV 






^" + {2d + 1)71^' + T^S' + 2{'H' + (i7^^)S - (9„a"^ 

(rf + l)[2(3rf + 2)n' + d(4d + 2.)n^\H^' 
+{d + l){An' + 3d7^2)^ ^ 4^^ ^ 1)[27^'2 + d^W^ + UH'n^]E 
+{d+ l)[An' + 3dn^]HE' - [2{2d + l)n' + d{3d + l)n'^]d^d''^ 

+2(n' + dn^)do,d"E] + {d + i)[2n' + dn^jd^d^iE -{d- 1)^]}, 
—M'i.in' + dn'') Ui" + {2d + i)n^' + he' 

2{n' + dn^)E - 9„(9°^] + {W + dn^)d^d''[E -{d- 1)^]} 

(2(rf + 1)7^' + dn^)^" + (2(2rf + 1)7^' + d{Ad + 1)7^2)7^^' 

+(7^' + n^)dad''E + [4(rf + i)n'^ + Adu'n^ + 4d^n^]E 

-[{3d - l)n^ + 7^']9«9"^ + [dU^ + 2(rf + l)'H']'HE' 



(D.16) 



(D.17) 



(D.18) 



vM 



Tr = -'^U':. 



E [{d + i)n' - n^j -{d-i) [{d - i)n^ + n')<i/ 
AH'^" + Ann^"^' + E') + 8{n'^ + dn*)E 



(D.19) 
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-AH^dad''^ + 8dn^^' 



+ 0,8" 



AH'E - 4{d - 1)H'^^ y 



;d.2o) 



Again using Eqs. (pl^) - (|D:20| ) together with Eq. (Q into Eq. ( plOD , Eqs. (U) and 
( ^.9|) (reported in the text) are recovered. 
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